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NEW AREA-MINIMIZING LAWSON-OSSERMAN CONES
XIAOWEI XU LING YANG YONGSHENG ZHANG †
Abstract: It has been 40 years since Lawson and Osserman introduced the three minimal cones
associated with Dirichlet problems in their 1977 Acta paper [LO77]. The first cone was shown
area-minimizing by Harvey and Lawson in the celebrated paper [HL82]. In this paper, we con-
firm that the other two are also area-minimizing. In fact, we show that every Lawson-Osserman
cone of type (n, p,2) constructed in [XYZ] is area-minimizing.
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1. INTRODUCTION
Let Σ ⊂ SN ⊂ RN+1 be an oriented closed submanifold (or rectifiable current) in the unit
sphere. Then
C Σ = {tx : t ∈ [0,∞) and x ∈ Σ}
is called the cone over Σ. We say C Σ is area-minimizing, if the truncated cone inside the unit
ball has least area among all integral currents with boundary Σ.
The study of area-minimizing cones is a central topic in the geometric measure theory. By
the well-known result of Federer (Theorem 5.4.3 in [Fed69], also see Theorem 35.1 and Remark
34.6 (2) in Simon [Sim83]) that a tangent cone at a point of an area-minimizing rectifiable current
is itself area-minimizing, it is meaningful to explore the diversity of area-minimizing cones for
better understandings about local behaviors of area-minimizing integral currents.
† Y. Zhang is the corresponding author.
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Area-minimizing cones also capture behaviors at infinity for area-minimizing surfaces in cer-
tain cases. The celebrated Bernstein problem stimulates the study on the nonexistence, the ex-
istence and the diversity of area-minimizing hypercones, e.g. [Fle62, DG65, Alm66, Sim68,
BDGG69, Law72, Sim74, Sim73, HS85, FK85, Sim89, Law91]. In contrast, not quite much
is known about area-minimizing cones of higher codimensions. Following [Law72], Cheng
[Che88] found homogeneous area-minimizing cones of codimension two. Around the same
time, Lawlor [Law91] developed a systematic method, called the curvature criterion, for de-
termining whether a minimal cone is indeed area-minimizing, for instance, the classification of
area-minimizing cones over products of spheres and the first examples of minimizing cones over
nonorientable surfaces in the sense of mod 2.
Among others, three interesting non-parametric minimal cones were constructed by Lawson
and Osserman [LO77] as follows. Let η , η ′ and η ′′ denote the (normalized) Hopf maps S2
i−1
→ S2i−1 for i= 2, 3 and 4. Then Lawson and Osserman considered the minimal embeddings
(1.1) S2
i−1 → S2i+2i−1, x 7→
(
α2x,β2η(x)
)
,
(
α3x,β3η
′(x)
)
,
(
α4x,β4η
′′(x)
)
with αi =
√
4(2i−1−1)
3(2i−1) and βi=
√
2i+1
3(2i−1) respectively. Over these minimal spheres, three minimal
cones Ci for i = 2, 3 and 4 are then obtained. They, respectively, produce Lipschitz (not C
1)
solutions to the Dirichlet problems of minimal surfaces over unit disks for boundary data
φ =
β2
α2
η , φ ′ =
β3
α3
η ′, φ ′′ =
β4
α4
η ′′.
It was shown later in [HL82] that C2 is calibrated by the so-called coassociative calibration
and, hence, area-minimizing in R7 by the fundamental theorem of calibrated geometry. This
canonical calibration in some way exhibits a special interaction between algebraic and geometric
structures ofR7. Due to the lack of similar understandings, it remained open for decades whether
the other two cones are area-minimizing. In this paper, we answer both affirmatively.
Inspired by [LO77], uncountably many non-parametric minimal cones of Lawson-Osserman
type are constructed in [XYZ]. Each of them is a twisted graph similar to those in (1.1) for
the composition of a Hopf fibration and a homothetic (i.e., up to a constant factor, isometric)
minimal immersion of even degree from projective space into a unit sphere. In the present
paper we focus on, in particular, the Lawson-Osserman cones derived from standard minimal
immersions of degree 2. More explicitly, let pi2n+1,2n be the Hopf fibration from S2n+1 onto
(CPn,gFS) and Φs the standard minimal immersion from (CP
n,gFS) into a sphere. Then there
is a unique positive rescaling f of Φs ◦pi2n+1,2n, which maps S2n+1 into Sn2+2n−1. In fact, f is
exactly Φ◦pi2n+1,2n in our §3, each component of which is an S1-invariant harmonic polynomial
of degree 2, and the associated Lawson-Osserman sphere is
F : S2n+1 −→ S(n+1)2+2n, z 7→
(
anz, bn f (z)
)
,
where an =
√
2(n+1)
(2n+1)(n+2) and bn =
√
n(2n+3)
(2n+1)(n+2) (see Theorem 2.3 of [XYZ]). Similarly, we
get Lawson-Osserman spheres F ′ : S4n+3 −→ S2n2+7n+3 and F ′′ : S15 −→ S24 associated to Hopf
fibrations pi4n+3,4n : S4n+3 −→HPn and pi15,8 : S15 −→OP1 respectively. We remark that every
isometric minimal immersion of degree 2 from a projective space (endowed with certain multiple
of the standard metric) into a unit sphere is congruent to a standard one by an isometry of the
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target sphere. See [dCW71,Mas80,Mas81,Ura85,Ohn84] for details. Hence, we only need to
consider the standard cases above. Let us denote by CF , CF ′ and CF ′′ the Lawson-Osserman
cones over the images of F , F ′ and F ′′ respectively. It is worth noticing that CF , CF ′ for n= 1
and CF ′′ are exactly C2, C3 and C4 constructed by Lawson and Osserman. In this paper, we
establish
Main Theorem. The minimal cones CF, CF ′ and CF ′′ are area-minimizing.
The understanding of geometries of F , F ′ and F ′′ is a key step in the proof of our main
theorem. Since they are all homogeneous according to the classical theory of representation,
we do calculations only at a base point. Via a good choice of local parameterizations of odd-
dimensional spheres, we get a local adapted frame. Then, by taking second derivatives, we gain
the second fundamental form. This method works for all the three types of Lawson-Osserman
spheres uniformly, and seems more readable, for our purpose, than calculations through the
theory of Lie group and Lie algebra.
The paper is organized as follows. In §2 we introduce preferred local parameterizations of
odd-dimensional spheres and make agreements on notations. In §3, three types of Lawson-
Osserman spheres are constructed explicitly and their second fundamental forms are calculated.
By explanations on Lawlor’s curvature criterion in §4.1 and the computation results in §3, we
show in §4.2 that vanishing angles exist for CF , CF ′ and CF ′′, with the exception of C2, and
that the corresponding normal wedges do not intersect. Hence, by [HL82] and Lawlor’s curva-
ture criterion, we accomplish our main theorem.
2. QUATERNIONS, OCTONIONS AND ODD-DIMENSIONAL SPHERES
We recall some basic facts about quaternions and octonions and make a choice of preferred
local parameterizations of odd-dimensional spheres at a fixed point by exponential map.
Let R, C be the real and complex number fields, and Rn, Cn the real and complex n-tuple
spaces respectively. Conventionally, we identify Cn with R2n by (z1, . . . ,zn) 7→ (x1, . . . , xn,xn+1,
. . . ,x2n), where zk = xk+ixn+k ∈ C and i2 = −1. Let H be the real division algebra of quater-
nions. An element ofH can be written uniquely as a= z1+z2j, where z1,z2 ∈C and j∈H satis-
fies j2=−1, zj= jz¯, for all z∈C. In this way,C sits insideH as a subalgebra andH becomes a
complex vector space byC-action on the left. Thus, the n-tuplesHn can be identified withC2n by
(a1, . . . ,an) 7→ (z1,z2 . . . ,z2n−1,z2n), where ak = z2k−1+ z2kj ∈H. Let O be the algebra of octo-
nions. Then elements inO can be written as p= a1+a2e, where a1,a2 ∈H, e∈O and e2 =−1,
pe= −a2+a1e. For another q= a3+a4e ∈O, we have pq = (a1a3− a¯4a2)+ (a4a1+a2a¯3)e.
Similarly, the n-tuples On can be identified with H2n by (p1, . . . , pn) 7→ (a1,a2 . . . ,a2n−1,a2n),
where pk = a2k−1+ a2ke ∈ O. The conjugate of a quaternion (resp. octonion) is defined to be
a¯ = z¯1− z2j (resp. p¯ = a¯1− a2e). Hence, the norm square of a quaternion (resp. octonion) is
given by |a|2 = aa¯ (resp. |p|2 = pp¯).
An odd-dimensional unit sphere can be described by
S2m+1(1) =
{
(z1, . . . ,zm+1) ∈ Cm+1
∣∣∣ m+1∑
k=1
|zk|2 = 1
}
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For a local parameterization at point p= (1,0, . . . ,0) ∈ S2m+1, we set
X1 = i(E1 1−E2 2), Xk = E1 k−Ek 1, Xm+k = i(E1 k+Ek 1),
where 2≤ k≤ m+1, Ek l is the (m+1)× (m+1)-matrix with value 1 in the (k, l)-slot and zero
for others. Then, it is easy to check that
p(t) = p et1X1et2X2 · · ·et2m+1X2m+1 for small t = (t1, . . . , t2m+1) ∈ R2m+1
parameterizes a neighborhood of p. Writing p(t) = (z1, . . . ,zm+1), through direct calculations,
we have
z1 =
(
1− 1
2
2m+1
∑
A=1
t2A
)
+i
(
t1+
m+1
∑
k=2
tk tm+k
)
+o(t2),(2.1)
zk =
(
tk− t1tm+k
)
+i
(
tm+k+ t1tk
)
+o(t2),(2.2)
where 2 ≤ k ≤ m+ 1 and t2 =
2m+1
∑
A=1
t2A. In our parameterization, the tangent space TpS
2m+1 is
spanned by {εA = ∂ p(t)∂ tA
∣∣∣
t=0
}, more explicitly, by
ε1 = iE1 ∈ Cm+1, or (0,E1) ∈ R2m+2,
εk = Ek ∈ Cm+1, or (Ek,0) ∈ R2m+2,
εm+k = iEk ∈ Cm+1, or (0,Ek) ∈ R2m+2,
where 2≤ k ≤ m+1 and Ek is the vector in Rm+1 with value 1 in the k-th position and zero for
others.
3. ON EXPLICIT CONSTRUCTION OF LAWSON-OSSERMAN SPHERES
In this section we shall give more details in what we are concerned with. As explained in the
introduction, embedded minimal spheres can be built on the compositions of Hopf fibrations and
minimal immersions from complex projective spaces, quaternion projective spaces or the Cayley
projective line into unit spheres. Since the thought originates from Lawson and Osserman’s
constructions, we call such minimal spheres Lawson-Osserman spheres and the associated
cones Lawson-Osserman cones. By the fact that there are only three families of Hopf fibrations
pi2n+1,2n : S2n+1 −→ CPn, pi4n+3,4n : S4n+3 −→ HPn and pi15,8 : S15 −→ OP1, we, accordingly,
divide Lawson-Osserman spheres into three types. It is worth mentioning that Tang [Tan01]
proved the nonexistence of submersion from S23 to the Cayley projective plane.
Let us first recall the classical Lawson-Osserman construction. By the Hopf map η : S3 −→
S2, (z1,z2) 7→ (|z1|2−|z2|2,2z¯1z2), Lawson and Osserman [LO77] gave a minimal immersion
F : S3(1)−→ S6(1), z 7→ (2
3
z,
√
5
3
η(z)
)
.
Later, in [HL82], Harvey and Lawson proved that the cone of F is area-minimizing. Therefore,
the topological space R4 can emerge in R7 as a nontrivial area-minimizing cone. To find more
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such minimal immersions, we observe η from another perspective. In fact, it is a composition
of the Hopf fibration pi3,2 and a degree 2 map Φ from CP1 into S2. Explicitly,
pi3,2 : S3 −→ CP1, (z1,z2) 7→ [z1,z2], and Φ : CP1 −→ S2, [z1,z2] 7→ (|z1|2−|z2|2,2z¯1z2).
Analogous constructions in [LO77] were also given for Hopf maps η ′ : S7 −→ S4, (a1,a2) 7→
(|a1|2− |a2|2,2a¯1a2) and η ′′ : S15 −→ S8, (p1, p2) 7→ (|p1|2− |p2|2,2p¯1p2). However, to our
knowledge, it was unknown whether the cones associated to η ′ and η ′′ are area-minimizing. By
results to be established in this section, we can have positive conclusions for both in §4.
By composing Hopf fibrations and homothetic minimal immersions of degree 2 (explained
below) from CPn, HPn into unit spheres, we gain lots of Lawson-Osserman spheres. The mini-
mality follows from a general theorem of authors [XYZ]. Notice that CPn, HPn and unit spheres
are compact symmetric spaces. Hence, such immersions can be realized by equivariant ones
compatible with their Lie group structures.
Now, we review standard minimal immersions of a compact irreducible Riemannian symmet-
ric space (M,g) into unit spheres (see [dCW71,Wal72,Ura85]). Let ∆ be the Laplace-Beltrami
operator of (M,g) acting on C∞-functions, λk the k-th eigenvalue of ∆ with 0 = λ0 < λ1 < · · · ,
and V k the corresponding eigenspace. Set dimV k = m(k)+1. Then one can define an L2-inner
product on V k by
( f ,h) :=
∫
M
f h dµ
where dµ of (M,g) is the normalized canonical measure with
∫
M dµ = m(k) + 1. Suppose
{ f0, . . . , fm(k)} form an orthonormal basis of V k. By Takahashi’s Theorem [Tak66], the standard
map xk fromM to R
m(k)+1 obtained by sending p∈M to ( f0(p), . . . , fm(k)(p)) gives an isometric
minimal immersion of (M, λk
dimM
g) into Sm(k)(1). This standard minimal immersion xk can also
be understood as follows. Let (G,K) be a symmetric pair with M = G/K. Then, a point of M
can be regarded as σK for some σ ∈ G, and G acts on V k by (σ · f )(p) = f (σ−1p), σ ∈ G,
p ∈M. In this way, an orthogonal representation of G is given in terms of σ · fα =
m(k)
∑
α=0
aαβ fβ by
(3.1) ρk : G−→ O(m(k)+1), σ 7→ (aα β (σ)).
Up to a rigidity of V k, one can assume that
(
f1(eK), . . . , fm(k)(eK)
)
= E1 =
(
1,0, . . . ,0
)
. Then
we get xk(σK) = E1ρk(σ), σ ∈ G.
We give an alternative description onV k forM=CPn equipped with the Fubini-Study metric.
Let φ be a complex valued homogeneous polynomial in 2n+2 variables z1, . . . ,zn+1, z¯1, . . . ,
z¯n+1 on C
n+1. It is said to be of (p,q)-type if
φ(cz1, . . . ,czn+1, c¯z¯1, . . . , c¯z¯n+1) = c
pc¯qφ(z1, . . . ,zn+1, z¯1, . . . , z¯n+1), for ∀ c ∈ C.
Denote by Pn+1p,q the complex vector space of all homogeneous polynomials of (p,q)-type on
Cn+1. Note that functions in Pn+1q,q are S
1-invariant. So, they descend to functions on CPn. Set
Hn+1p,q =
{
φ ∈ Pn+1p,q
∣∣ Dφ = 0}, where D=−4n+1∑
k=1
∂ 2
∂ zk z¯k
.
It is a well-known fact (see [Mas80,Ura85]) that the k-th eigenspaceV k is SU(n+1)-isomorphism
to Hn+1k,k ∩C∞(Cn+1,R) for CPn via the Hopf fibration pi2n+1,2n, where C∞(Cn+1,R) consists
of all real valued C∞-functions on Cn+1. In the present paper, we shall focus on Hn+11,1 ∩
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C∞(Cn+1,R), the space of isometric minimal immersions of degree 2. There is also a similar
description in terms of quaternions valid for HPn equipped with the canonical metric.
Throughout this paper, we will, if not otherwise specified, use the following convention for
indices:
1≤ A,B, · · · ≤ 2m+1; 2≤ k, l, · · · ≤ n+1; 2≤ α ,β , · · · ≤ n,
where m will take n or 2n+1 in the sequel.
3.1. Type-I Lawson-Osserman spheres. To obtain a standard minimal immersion from CPn
into unit sphere, we need to find an orthonormal basis of Hn+11,1 ∩C∞(Cn+1,R). For an element
φ ∈ Hn+11,1 ∩C∞(Cn+1,R), it follows that φ =
n+1
∑
k,l=1
λkl¯ zk z¯l subject to Dφ = 0 and φ¯ = φ . Set
λl¯k = λ¯lk¯. The requirements become
(3.2)
n+1
∑
k=1
λkk¯ = 0, λkl¯ = λl¯k.
With this comprehension, we have:
Lemma 3.1. There is an orthonormal basis of Hn+11,1 ∩C∞(Cn+1,R) w.r.t. the L2-inner product
given by
φα = cn,α
(
|zα |2− 1
n+1−α
n+1
∑
k=α+1
|zk|2
)
, 1≤ α ≤ n,
φk l = dn Re(zk z¯l), φk¯ l¯ = dn Im(zk z¯l), 1≤ k < l ≤ n+1,
where cn,α =
√
(n+1)(n+1−α)
n(n+2−α) and dn =
√
2(n+1)
n
.
Proof. From (3.2), we know that uα = |zα |2−|zα+1|2, vk l = Re(zk z¯l) and vk¯ l¯ = Im(zk z¯l) form
a basis of Hn+11,1 ∩C∞(Cn+1,R). Then, following the Schmidt orthonormalization process w.r.t.
the L2-inner product, one can get {φα , φk l, φk¯ l¯} as an orthonormal basis of Hn+11,1 ∩C∞(Cn+1,R).
We leave details to readers. ✷
Hence, we gain an isometric minimal immersion Φ :CPn−→ Sn(n+2)−1(1) expressed by [z] 7→(
φα(z), φk l(z), φk¯ l¯(z)
)
and a Lawson-Osserman sphere given by f = Φ◦pi2n+1,2n : S2n+1(1)→
Sn(n+2)−1(1). In particular, f is just the Hopf map η when n= 1. The type-I Lawson-Osserman
sphere is represented by
F : S2n+1(1)−→ S(n+1)2+2n(1), z 7→
(
an
(
Re(z), Im(z)
)
, bn
(
φα(z), φk l(z), φk¯ l¯(z)
))
,
where an =
√
2(n+1)
(2n+1)(n+2) and bn =
√
n(2n+3)
(2n+1)(n+2) .
Remarks. (a) For coefficients an and bn which uniquely determine the minimality we refer to
our recent paper [XYZ]. We will just check the minimality property in Proposition 3.2;
(b) By the construction of Φ, F is in fact homogeneous and its image is an Id⊕ρ1
(
SU(n+1)
)
-
orbit through the base point
P=
(
anE1, 0, bnE1, 0, 0
)
,
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where ρ1 is defined in (3.1). Therefore, we will study its geometry only around one point for
our purpose.
More precisely, we shall compute the second fundamental form of F at P in the remaining
part of this subsection. Substituting (2.1) and (2.2) for m = n into expressions of φα , φk l , φk¯ l¯ ,
we obtain
φ1 = 1− n+1
n
2n+1
∑
A=2
t2A+o(t
2),
φα = cn,α
[
t2α + t
2
n+α −
1
n+1−α
n+1
∑
k=α+1
(
t2k + t
2
n+k
)]
+o(t2),
φ1k = dn tk+o(t
2), φ1 k¯ =−dn tn+k+o(t2),(3.3)
φk l = dn
(
tk tl+ tn+k tn+l
)
+o(t2),
φk¯ l¯ = dn
(
− tk tn+l+ tl tn+k
)
+o(t2),
where 2≤ α ≤ n, 2≤ k≤ n+1 and 2≤ k < l ≤ n+1. Noticing that F∗(εA) = ∂F∂ tA
∣∣∣
t=0
, by (3.3),
(2.1) and (2.2), we have
F∗(ε1) =
(
0, anE1, 0, 0, 0
)
,
F∗(εk) =
(
anEk, 0, 0, bndnE1 k, 0
)
,
F∗(εn+k) =
(
0, anEk, 0, 0, −bndnE1 k
)
,
where 2≤ k ≤ n+1. By normalization, we get an orthonormal basis of F∗(TpS2n+1):
e1 =
1
an
F∗(ε1), ek =
1√
a2n+b
2
nd
2
n
F∗(εk), en+k =
1√
a2n+b
2
nd
2
n
F∗(εn+k);
and an orthonormal basis for the normal space of F∗(TpS2n+1) in TPS(n+1)
2+2n:
e2n+2 =
(
−bnE1, 0, anE1, 0, 0
)
,
e2n+1+k =
1√
a2n+b
2
nd
2
n
(
−bndnEk, 0, 0, anE1k, 0
)
,
e3n+1+k =
1√
a2n+b
2
nd
2
n
(
0, bndnEk, 0, 0, anE1k
)
,(3.4)
e4n+1+α =
(
0, 0, Eα , 0, 0
)
,
ek l =
(
0, 0, 0, Ek l, 0
)
,
ek¯ l¯ =
(
0, 0, 0, 0, Ek l
)
,
where 2≤ k ≤ n+1, 2≤ α ≤ n and 2≤ k < l ≤ n+1.
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Set FAB =
∂ 2F
∂ tA∂ tB
∣∣∣
t=0
. Through direct computations, we obtain
F11 =
(
−anE1, 0, 0, 0, 0
)
,
Fα α = Fn+α n+α =
(
−anE1, 0, −2(n+1)bn
n
E1−2bn
α−1
∑
β=2
cn,β
n+1−β Eβ +2bncn,αEα , 0, 0
)
,
Fn+1n+1 = F2n+1 2n+1 =
(
−anE1, 0, −2(n+1)bn
n
E1−2bn
n−1
∑
β=2
cn,β
n+1−β Eβ −2bncn,nEn, 0, 0
)
,
F1k =
(
0, anEk, 0, 0, 0
)
, F1n+k =
(
−anEk, 0, 0, 0, 0
)
, Fkn+k =
(
0, anE1, 0, 0, 0
)
,
Fk l = Fn+k n+l =
(
0, 0, 0, bndnEk l, 0
)
, Fkn+l =−Fl n+k =
(
0, 0, 0, 0, −bndnEk l
)
,
where 2≤ α ≤ n, 2≤ k ≤ n+1 and 2≤ k < l ≤ n+1. Define
HAB =


1
a2n
F11, A= 1, B= 1
1
an
√
a2n+b
2
nd
2
n
F1B, A= 1, B 6= 1,
1
a2n+b
2
nd
2
n
FAB, A 6= 1, B 6= 1.
Then, at P, the second fundamental form of F is given in terms of the frame {eA, eτ , ek l , ek¯ l¯ | 1≤
A≤ 2n+1, 2n+2≤ τ ≤ 5n+1, 2≤ k < l ≤ n+1} by
(3.5) hτAB =
〈
HAB,eτ
〉
, h
(k, l)
AB =
〈
HAB,ek l
〉
, h
(k¯, l¯)
AB =
〈
HAB,ek¯ l¯
〉
.
More explicitly, we gain:
Proposition 3.2. The second fundamental form of F at the base point P w.r.t. the frame {eA, eτ , ek l,
ek¯ l¯ | 1≤ A≤ 2n+1, 2n+2≤ τ ≤ 5n+1, 2≤ k < l ≤ n+1} is given by
(1) h2n+211 =
bn
an
, h2n+2AA =− (n+2)anbnn(a2n+b2nd2n ) , 2≤ A≤ 2n+1;
(2) h2n+1+k1n+k = h
3n+1+k
1k =
bndn
a2n+b
2
nd
2
n
, 2≤ k ≤ n+1;
(3) h4n+1+αkk = h
4n+1+α
n+kn+k =− 2bncn,α(n+1−α)(a2n+b2nd2n) , 2≤ α ≤ n, α < k ≤ n+1;
(4) h4n+1+αα α = h
4n+1+α
n+α n+α =
2bncn,α
a2n+b
2
nd
2
n
, 2≤ α ≤ n;
(5) h
(k,l)
k l = h
(k,l)
n+kn+l = h
(k¯,l¯)
kn+l =−h(k¯,l¯)l n+k = bndna2n+b2nd2n , 2≤ k < l ≤ n+1;
with the same value in the symmetric slot and zero for others.
Proof. It follows by direct computation. Moreover, one can easily see that F is minimal. ✷
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3.2. Type-II Lawson-Osserman spheres. In terms of quaternions,
S4n+3(1) =
{
(a1, . . . ,an+1) ∈Hn+1
∣∣∣ n+1∑
k=1
|ak|2 = 1
}
.
A function in Hn+11,1 ∩C∞(Hn+1,R) restricted to S4n+3 is S3-invariant. As a consequence, it
descends to a function on HPn. Let φ ∈ Hn+11,1 ∩C∞(Hn+1,R). Then φ =
n+1
∑
k,l=1
λk¯ l a¯kal . Notice
that D = −4
n+1
∑
k=1
∂ 2
∂ak∂ a¯k
in terms of quaternions, so conditions Dφ = 0 and φ¯ = φ are equivalent
to
n+1
∑
k=1
λk¯ k = 0, λk¯ l = λl k¯,
where λk l¯ = λ¯k¯ l . Similarly, we have:
Lemma 3.3. There is an orthonormal basis of Hn+11,1 ∩C∞(Hn+1,R) w.r.t. the L2-inner product
given by
φα = cn,α
(
|z2α−1|2+ |z2α |2− 1
n+1−α
n+1
∑
k=α+1
(|z2k−1|2+ |z2k|2)
)
, 1≤ α ≤ n,
φk l = dnRe(z¯2k−1 z¯2l−1+ z2kz¯2l), φk¯ l¯ = dn Im(z¯2k−1z¯2l−1+ z2k z¯2l), 1≤ k < l ≤ n+1,
φ˜k l = dnRe(z¯2k−1 z¯2l− z2k z¯2l−1), φ˜k¯ l¯ = dn Im(z¯2k−1z¯2l− z2k z¯2l−1), 1≤ k < l ≤ n+1,
where cn,α =
√
(n+1)(n+1−α)
n(n+2−α) , dn =
√
2(n+1)
n
and we consider ak as z2k−1+ z2kj.
Proof. Similar to the proof of Lemma 3.1. ✷
Thus, we have an isometric minimal immersion Φ :HPn −→ S2n2+7n+3(1) by
[a] 7→
(
φα(a), φk l(a), φk¯ l¯(a), φ˜k l(a), φ˜k¯ l¯(a)
)
,
and a Lawson-Osserman cone determined by f ′ = Φ ◦pi4n+3,4n. It is known that f ′ is just the
Hopf map η ′ when n= 1. The type-II Lawson-Osserman sphere is represented by F ′ : S4n+3−→
S2n
2+7n+3 sending
a 7→
(
a˜n
(
Re(a), Im(a)
)
, b˜n
(
φα(a), φk l(a), φk¯ l¯(a), φ˜k l(a), φ˜k¯ l¯(a)
))
,
where a˜n =
√
6(n+1)
(n+2)(4n+3) and b˜n =
√
n(4n+5)
(n+2)(4n+3) . Again, for the choice of a˜n and b˜n, we refer to
[XYZ] for a general explanation. By the construction of Φ, F is homogeneous and its image is
an Id⊕ρ1
(
Sp(n+1)
)
-orbit through the base point
P=
(
anE1, 0, bnE1, 0, 0, 0, 0
)
,
where ρ1 is defined in (3.1). Next, we compute its second fundamental form at P.
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Using (2.1) and (2.2) with m= 2n+1, we have
φ1 = 1− n+1
n
n+1
∑
k=2
(
t22k−1+ t
2
2k+ t
2
2n+2k+ t
2
2n+1+2k
)
+o(t2),
φα = cn,α
[
t22α−1+ t
2
2α + t
2
2n+2α + t
2
2n+1+2α −
1
n+1−α
n+1
∑
k=α+1
(
t22k−1+ t
2
2k
+t22n+2k+ t
2
2n+1+2k
)]
+o(t2),
φ1k = dn
(
t2k−1+ t2t2k+ t2n+3t2n+1+2k
)
+o(t2),
φ1 k¯ = dn
(
t2n+2k− t2t2n+1+2k+ t2kt2n+3
)
+o(t2),
φk l = dn
(
t2k−1t2l−1+ t2kt2l + t2n+2kt2n+2l + t2n+1+2kt2n+1+2l
)
+o(t2)(3.6)
φk¯ l¯ = dn
(
t2k−1t2n+2l− t2kt2n+1+2l− t2l−1t2n+2k+ t2lt2n+1+2k
)
+o(t2),
φ˜1k = dn
(
t2k− t2t2k−1− t2n+3t2n+2k
)
+o(t2),
φ˜1 k¯ = dn
(
t2n+1+2k+ t2t2n+2k− t2k−1t2n+3
)
+o(t2),
φ˜k l = dn
(
t2k−1t2l− t2kt2l−1+ t2n+2kt2n++1+2l− t2n+1+2kt2n+2l
)
+o(t2),
φ˜k¯ l¯ = dn
(
t2k−1t2n+1+2l− t2kt2n+2l− t2l−1t2n+1+2k− t2lt2n+2k
)
+o(t2),
where 2≤ α ≤ n, 2≤ k≤ n+1 and 2≤ k< l ≤ n+1. Noticing that F ′∗(εA) = ∂F
′
∂ tA
∣∣∣
t=0
, by (3.6),
(2.1) and (2.2), we get
F ′∗(ε1) =
(
0, a˜nE1, 0, 0, 0, 0, 0
)
,
F ′∗(ε2) =
(
a˜nE2, 0, 0, 0, 0, 0, 0
)
,
F ′∗(ε2n+3) =
(
0, a˜nE2, 0, 0, 0, 0, 0
)
,
F ′∗(ε2k−1) =
(
a˜nE2k−1, 0, 0, b˜ndnE1 k, 0, 0, 0
)
,
F ′∗(ε2k) =
(
a˜nE2k, 0, 0, 0, 0, b˜ndnE1 k, 0
)
,
F ′∗(ε2n+2k) =
(
0, a˜nE2k−1, 0, 0, b˜ndnE1 k, 0, 0
)
,
F ′∗(ε2n+1+2k) =
(
0, a˜nE2k, 0, 0, 0, 0, b˜ndnE1 k
)
,
where 2≤ k ≤ n+1. Further, we obtain an orthonormal basis of F ′∗(TpS4n+3):
eA =


1
a˜n
F ′∗(εA), A= 1, 2, 2n+3,
1√
a˜2n+b˜
2
nd
2
n
F ′∗(εA), A 6= 1, 2, 2n+3.
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and an orthonormal basis for the normal space of F ′∗(TpS4n+3) in TPS2n
2+7n+3:
e4n+4 =
(
− b˜nE1, 0, a˜nE1, 0, 0, 0
)
,
e4n+2k+1 =
1√
a˜2n+ b˜
2
nd
2
n
(
− b˜ndnE2k−1, 0, 0, a˜nE1k, 0, 0, 0
)
,
e4n+2k+2 =
1√
a˜2n+ b˜
2
nd
2
n
(
− b˜ndnE2k, 0, 0, 0, 0, a˜nE1k, 0
)
,
e6n+2k+1 =
1√
a˜2n+ b˜
2
nd
2
n
(
0,−b˜ndnE2k−1, 0, 0, a˜nE1k, 0, 0
)
,
e6n+2k+2 =
1√
a˜2n+ b˜
2
nd
2
n
(
0,−b˜ndnE2k, 0, 0, 0, 0, a˜nE1k
)
,
e8n+3+α =
(
0, 0, Eα , 0, 0, 0, 0
)
,
and
ek l =
(
0, 0, 0, Ek l, 0, 0, 0
)
, ek¯ l¯ =
(
0, 0, 0, 0, Ek l, 0, 0
)
,
e˜k l =
(
0, 0, 0, 0, 0, Ek l, 0
)
, e˜k¯ l¯ =
(
0, 0, 0, 0, 0, 0, Ek l
)
,
where 2≤ k ≤ n+1, 2≤ α ≤ n and 2≤ k < l ≤ n+1.
We set F ′AB =
∂ 2F ′
∂ tA∂ tB
∣∣∣
t=0
and define
HAB =


1
a˜2n
F ′AB, A= 1, 2, 2n+3, B= 1, 2, 2n+3,
1
a˜n
√
a2n+b˜
2
nd
2
n
F ′AB, A= 1, 2, 2n+3, B 6= 1, 2, 2n+3,
1
a˜2n+b˜
2
nd
2
n
F ′AB, A,B 6= 1, 2, 2n+3.
Then, at P, the second fundamental form of F ′ is given in terms of the frame {eA, eτ , ek l , ek¯ l¯,
e˜k l , e˜k¯ l¯ | 1≤ A≤ 4n+3, 4n+4≤ τ ≤ 9n+3, 2≤ k < l ≤ n+1} by
hτAB =
〈
HAB,eτ
〉
, h
(k, l)
AB =
〈
HAB,ek l
〉
, h
(k¯, l¯)
AB =
〈
HAB,ek¯ l¯
〉
,
h
[k, l]
AB =
〈
HAB, e˜k l
〉
, h
[k¯, l¯]
AB =
〈
HAB, e˜k¯ l¯
〉
.
In summary, we have:
Proposition 3.4. The second fundamental form of F ′ at the base point P w.r.t. the frame {eA, eτ ,
ek l ,ek¯ l¯, e˜k l, e˜k¯ l¯ | 1≤ A≤ 4n+3,4n+4≤ τ ≤ 9n+3, 2≤ k < l ≤ n+1} is given by
(1) h4n+4AA =
b˜n
a˜n
, h4n+4BB =− (n+2)a˜nb˜nn(a˜2n+b˜2nd2n) , A= 1, 2, 2n+3, B 6= 1, 2, 2n+3;
(2) h4n+1+2k1 2n+2k = h
4n+1+2k
2 2k = h
4n+1+2k
2n+3 2n+1+2k =
b˜ndn
a˜2n+b˜
2
nd
2
n
, 2≤ k ≤ n+1;
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(3) h4n+2+2k1 2n+1+2k =−h4n+2+2k2 2k−1 =−h4n+2+2k2n+3 2n+2k = b˜ndna˜2n+b˜2nd2n , 2≤ k ≤ n+1;
(4) h6n+1+2k1 2k−1 = h
6n+1+2k
2 2n+1+2k =−h6n+1+2k2n+3 2k =− b˜ndna˜2n+b˜2nd2n , 2≤ k ≤ n+1;
(5) h6n+2+2k1 2k =−h6n+2+2k2 2n+2k = h6n+1+2k2n+3 2k−1 =− b˜ndna˜2n+b˜2nd2n , 2≤ k ≤ n+1;
(6) h8n+3+α2k−1 2k−1 = h
8n+3+α
2k 2k = h
8n+3+α
2n+2k 2n+2k = h
8n+3+α
2n+1+2k 2n+1+2k =− 2b˜ncn,α(n+1−α)(a˜2n+b˜2nd2n ) ,
2≤ α ≤ n, α < k ≤ n+1;
(7) h8n+3+α2α−1 2α−1 = h
8n+3+α
2α 2α = h
8n+3+α
2n+2α 2n+2α = h
8n+3+α
2n+1+2α 2n+1+2α =
2b˜ncn,α
a˜2n+b˜
2
nd
2
n
, 2≤ α ≤ n;
(8) h
(k,l)
2k−1 2l−1 = h
(k,l)
2k 2l = h
(k,l)
2n+2k 2n+2l = h
(k,l)
2n+1+2k 2n+1+2l = h
(k¯,l¯)
2k−1 2n+2l =−h(k¯,l¯)2k 2n+1+2l =
−h(k¯,l¯)2l−1 2n+2k = h(k¯,l¯)2l 2n+1+2k = b˜ndna˜2n+b˜2nd2n , 2≤ k < l ≤ n+1;
(9) h
[k,l]
2k−1 2l =−h[k,l]2k 2l−1 = h[k,l]2n+2k 2n+1+2l =−h[k,l]2n+1+2k 2n+2l = h[k¯,l¯]2k−1 2n+1+2l = h[k¯,l¯]2k 2n+2l =
−h[k¯,l¯]2l−1 2n+1+2k =−h[k¯,l¯]2l 2n+2k = b˜ndna˜2n+b˜2nd2n , 2≤ k < l ≤ n+1;
with the same value in the symmetric slot and zero for others.
Proof. By direct computation. Moreover, one can see that F ′ is minimal. ✷
3.3. Type-III Lawson-Osserman sphere. Let p1, p2 ∈ O written as p1 = (z1 + z2j)+ (z3 +
z4j)e and p2 = (z5+ z6j)+ (z7+ z8j)e. Then,
|p1|2−|p2|2 =
4
∑
k=1
|zk|2−
8
∑
k=5
|zk|2,
2p¯1p2 =
(
a1+a2j
)
+
(
a3+a4j
)
e,
where
a1 = z¯1z5+ z2z¯6+ z3z¯7+ z¯4z8, a2 = z¯1z6− z2z¯5− z¯3z8+ z4z¯7,
a3 = z¯1z7+ z¯2z8− z3z¯5− z4z¯6, a4 = z1z8− z2z7+ z3z6− z4z5.
Set
f1 = |p1|2−|p2|2, f1+k = 2Re(ak), f5+k = 2Im(ak), 1≤ k ≤ 4,
Then the third Hopf map η ′′ : S15 −→ S8 is given by z 7→ ( f1, . . . , f9), where p = (p1, p2) is
identified with z= (z1, . . . ,z8). The Type-III Lawson-Osserman sphere is represented by
F ′′ : S15(1) −→ S24(1), z 7→
(√28
45
(
Re(z), Im(z)
)
,
√
17
45
(
f1, f2 . . . , f9
))
.
It is known that F ′′ is also homogeneous.
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For the second fundamental form of F ′′ at point P =
(√
28
45
E1, 0,
√
17
45
E1
)
, we substitute
(2.1) and (2.2) with m= 7 into fk and obtain
f1 = 1−2
8
∑
k=5
(
t2k + t
2
7+k
)
+o(t2),
f2 = 2
(
t5+ t2t6+ t3t7+ t4t8+ t9t13+ t10t14+ t11t15
)
+o(t2),
f3 = 2
(
t6− t2t5− t3t8+ t4t7− t9t12− t10t15+ t11t14
)
+o(t2),
f4 = 2
(
t7+ t2t8− t3t5− t4t6+ t9t15− t10t12− t11t13
)
+o(t2),
f5 = 2
(
t8−2t1t15− t2t7+ t3t6− t4t5+ t9t14− t10t13+ t11t12
)
+o(t2),
f6 = 2
(
t12− t2t13− t3t14+ t4t15+ t6t9+ t7t10− t8t11
)
+o(t2),
f7 = 2
(
t13+ t2t12− t3t15− t4t14− t5t9+ t7t11+ t8t10
)
+o(t2),
f8 = 2
(
t14+ t2t15+ t3t12+ t4t13− t5t10− t6t11− t8t9
)
+o(t2),
f9 = 2
(
t15+2t1t8− t2t14+ t3t13− t4t12− t5t11+ t6t10− t7t9
)
+o(t2).
Taking the partial derivative w.r.t. tA, at t = 0, we have
F ′′∗ (ε1) =
(
0,
√
28
45
E1, 0
)
, F ′′∗ (εk) =
(√28
45
Ek, 0, 0
)
, F ′′∗ (εl) =
(√28
45
El, 0,
√
17
45
El−3
)
,
F ′′∗ (ε7+k) =
(
0,
√
28
45
Ek, 0
)
, F ′′∗ (ε7+l) =
(
0,
√
28
45
El,
√
17
45
El+1
)
,
where 2≤ k ≤ 3 and 5≤ l ≤ 8. Further, we gain an orthonormal basis of F ′′∗ (TpS15):
eA =


√
45
28
F ′′∗ (εA), A= 1, 2, 3, 4, 9, 10, 11,
√
15
32
F ′′∗ (εA), A= 5, 6, 7, 8, 12, 13, 14, 15.
and an orthonormal basis for the normal space of F ′′∗ (TpS15) in TPS24:
e16 =
(
−
√
17
45
E1, 0,
√
28
45
E1
)
,
e12+k =
(
−
√
17
24
Ek, 0,
√
7
24
Ek−3
)
,
e16+k =
(
0,−
√
17
24
El,
√
7
24
El+1
)
.
where 5≤ k ≤ 8.
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We set F ′′AB =
∂ 2F ′′
∂ tA∂ tB
∣∣∣
t=0
and define
HAB =


45
28
F ′′AB, A,B= 1, 2, 3, 4, 9, 10, 11,√
3
14
· 15
8
F ′′AB, A= 1, 2, 3, 4, 9, 10, 11, B= 5, 6, 7, 8, 12, 13, 14, 15,
15
32
F ′′AB, A,B= 5, 6, 7, 8, 12, 13, 14, 15.
Then, at P, the second fundamental form of F ′′ is given in terms of the frame {eA, eτ , | 1≤ A≤
15,16 ≤ τ ≤ 24} by hτAB =
〈
HAB,eτ
〉
.
In summary, we have:
Proposition 3.5. The second fundamental form of F ′′ at the base point P w.r.t. the frame {eA, eτ |
1≤ A≤ 15, 16 ≤ τ ≤ 24} is given by
(1) h161 1 = h
16
k k = h
16
7+k 7+k =
√
17
28
, h16l l = h
16
l+7 l+7 =−
√
119
16
, 2≤ k ≤ 4, 5≤ l ≤ 8;
(2) h171 12 = h
17
2 6 = h
17
3 7 = h
17
4 8 = h
17
9 13 = h
17
10 14 = h
17
11 15 =
√
85
16
;
(3) h181 13 =−h182 5 =−h183 8 = h184 7 =−h189 12 =−h1810 15 = h1811 14 =
√
85
16
;
(4) h191 14 = h
19
2 8 =−h193 5 =−h194 6 = h199 15 =−h1910 12 =−h1911 13 =
√
85
16
;
(5) h201 15 = h
20
2 7 =−h203 6 = h204 5 =−h209 14 = h2010 13 =−h2011 12 =−
√
85
16
;
(6) h211 5 = h
21
2 13 = h
21
3 14 =−h214 15 =−h216 9 =−h217 10 = h218 11 =−
√
85
16
;
(7) h221 6 =−h222 12 = h223 15 = h224 14 = h225 9 =−h227 11 =−h228 10 =−
√
85
16
;
(8) h231 7 =−h232 15 =−h233 12 =−h234 13 = h235 10 = h236 11 = h238 9 =−
√
85
16
;
(9) h241 8 = h
24
2 14 = h
24
3 13 =−h244 12 =−h245 11 = h246 10 =−h247 9 =
√
85
16
;
with the same value in the symmetric slot and zero for others.
Proof. By computation. Moreover, one can see that F ′′ is minimal. ✷
4. ON THE AREA-MINIMIZING PROPERTY
4.1. Lawlor’s curvature criterion. For completeness, we briefly recall Lawlor’s curvature cri-
terion for proving a minimal cone to be area-minimizing. For further details readers are referred
to [Law91].
Let Σ be a smooth n-dimensional submanifold of the unit sphere SN and
C Σ = {tx : t ∈ [0,∞) and x ∈ Σ}.
Fix p ∈ Σ. A normal geodesic of length ℓ is an arc of a great circle γ which is perpendicular to
Σ at its starting point γ(0) = p. We call γ an open normal geodesic if we leave off the endpoint
γ(ℓ). LetUp(ℓ) be the union of points of open normal geodesics from p of length ℓ. Then normal
wedge Wp(ℓ) is defined to be CUp(ℓ)−{0}. The normal radius of C Σ at a point p ∈ Σ is the
largest ℓp such thatWp(ℓp) intersects C Σ only in the ray
−→op.
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Suppose p ∈ Σ and ν is a unit vector in the normal space T⊥p Σ. Let (r,θ) be the polar coordi-
nate of the plane spanned by −→op and ν . A projection curve γp, if exists, satisfies
(ODE)


dr
dθ = r
√
r2n+2 cos2n θ inf
ν∈T⊥p Σ, |ν |=1
(
det
(
I− tanθ (hνAB)
))2−1,
r(0) = 1,
where (hνAB) is the matrix of the second fundamental form of Σ at p, in the normal direction ν .
The existence of the ODE relies on the size of second fundamental form and the dimension of
C Σ. If γp exists, either
dr
dθ vanishes at some positive θ(p), or r goes to infinity as θ approaches
some finite value θ0(p). In the latter case, we call the smallest θ0(p) the vanishing angle at p.
Let Γp be the rotated surface generated by γp inWp(θ0(p)). Then we define Πp by sending Γp
to p and requiring Πp(tz) = tΠp(z) for t > 0 and z ∈ Γp. If {Wp(θ0(p)) : p ∈ Σ} do not intersect,
we assemble {Πp : p ∈ Σ} together and extend it to a global retraction Π : RN+1 −→ C Σ which
equals Πp inWp(θ0(p)) and collapses everything else to 0. It can be guaranteed by (ODE) that
Π is a continuously area-noincreasing projection to C Σ.
By using the retraction Π, Lawlor proved
Theorem 4.1. (Lawlor’s curvature criterion [Law91]) Let Σ be a smooth n-dimensional sub-
manifold of unit sphere SN . Suppose that the vanishing angle θ0(p) exists for every p ∈ Σ and
that ℓ0 = min
p∈Σ
ℓp ≥ 2max
p∈Σ
θ0(p) which ensures that {Wp(θ0(p)) : p ∈ Σ} do not intersect. Then
C Σ is area-minimizing (in the sense of mod 2 when Σ is nonorientable).
Remark. Lawlor made a table (page 20-21 in [Law91]) of estimated vanishing angles for
dimC Σ≤ 12 and S 2 where
(4.1) S =max
p∈Σ
(
sup
ν∈T⊥p Σ, |ν |=1
(
∑
A,B
(hνAB)
2
) 1
2
)
.
He used the control
(4.2) inf
ν∈T⊥p Σ, |ν |=1
(
det
(
I− t (hνAB)
))
>(1−S t)eS t
for dimC Σ = 12 and a more accurate lower bound F(S , t,dimC Σ) for dimC Σ < 12. By
V (m,S ) we mean the estimated vanishing angle based on (4.2) for m = dimC Σ ≥ 12 and S .
When m> 12, Lawlor proved the following nice property
(4.3) tan
(
V (m,
m
12
S )
)
<
12
m
tan
(
V (12,S )
)
.
Moreover, we remark that
(4.4) V (m,a)<V (m,b) for a< b.
16 XIAOWEI XU LING YANG YONGSHENG ZHANG †
4.2. Proof of the main theorem. Let F , F ′ and F ′′ be the Lawson-Osserman spheres con-
structed in §3.1, §3.2 and §3.3 respectively. Then, in this subsection, we prove our
Main Theorem. The minimal cones CF, CF ′ and CF ′′ are area-minimizing.
Proof. To reduce redundance, we present a complete proof only for CF . We will show
(1) Any normal line through P intersects CF only at P, i.e., the normal radius ℓ0 ≥ pi2 ;
(2) The vanishing angle θ0 <
pi
4
;
and the theorem follows by Lawlor’s criterion.
Since F , F ′ and F ′′ are homogeneous, it is sufficient to do calculations at the base point P.
We verify (1) first. Let X −P be a normal vector through P. Then, according to (3.4), X can be
written as
X = P + λ2n+2 e2n+2+
n+1
∑
k=2
(
λ2n+1+k e2n+1+k+λ3n+1+k e3n+1+k
)
+
n
∑
α=2
λ4n+1+α e4n+1+α + ∑
2≤k<l≤n+1
(
λk l ek l +λk¯ l¯ ek¯ l¯
)
.
In terms of blocks, we write X =
(
ξ ,η ,µ ,ς ,τ
)
and (3.4) gives
ξ1 = an−bnλ2n+2, ξk =− bndn√
a2n+b
2
nd
2
n
λ2n+1+k, 2≤ k ≤ n+1,
η1 = 0, ηk =
bndn√
a2n+b
2
nd
2
n
λ3n+1+k, 2≤ k ≤ n+1,
µ1 = bn+anλ2n+2, µα = λ4n+1+α , 2≤ α ≤ n,
ς1 l =
an√
a2n+b
2
nd
2
n
λ2n+1+l, 2≤ l ≤ n+1, ςk l = λk l, 2≤ k < l ≤ n+1,
τ1 l =
an√
a2n+b
2
nd
2
n
λ3n+1+l, 2≤ l ≤ n+1, τk l = λk¯ l¯, 2≤ k < l ≤ n+1.
Assume λ2n+3 6= 0, then
(4.5)
ς1 2
ξ2
=− an
bndn
.
If X ∈ CF , we have
ς1 2 =
√
|ξ |2+ |η |2
an
bndn Re(z1z¯2) =
bndn
an
√
|ξ |2+ |η |2 ξ1ξ2.(4.6)
Combining (4.5) and (4.6), we obtain
(4.7)
ξ1√
|ξ |2+ |η |2 =−
a2n
b2nd
2
n
which implies
(4.8) an−bnλ2n+2 < 0.
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On the other hand, from Lemma 3.1 and (4.7), we have
bn+anλ2n+2 = µ1 =
√
|ξ |2+ |η |2
an
bncn,1
[ ξ 21
|ξ |2+ |η |2 −
1
n
n+1
∑
k=2
ξ 2k +η
2
k
|ξ |2+ |η |2
]
=
√
|ξ |2+ |η |2
an
bncn,1
[ ξ 21
|ξ |2+ |η |2 −
1
n
(
1− ξ
2
1
|ξ |2+ |η |2
)]
=
√
|ξ |2+ |η |2
an
bncn,1
[n+1
n
1
(2n+3)2
− 1
n
]
< 0.(4.9)
So (4.8) and (4.9) together lead to a contradiction. Thus λ2n+3 = 0.
Similarly, one can show λ2n+1+l = λ3n+1+k = 0 for 3≤ l ≤ n+1 and 2 ≤ k ≤ n+1. Conse-
quently, ξk = ηk = 0 for 2≤ k≤ n+1. Note that X ,P ∈ CF and their first (2n+2) components
form parallel vectors. By the geometric structure of CF , this implies that
−→
OX 
−→
OP. Since−→
OX =
−→
OP+
−→
PX with
−→
OP⊥−→PX , it follows that −→PX =−→0 , i.e., X = P. Hence the normal radius of
CF is pointwise at least pi
2
.
In order to have estimates (2) on vanishing angles, we need to figure out S for our cases.
Suppose
ν0 = λ2n+2 e2n+2+
n+1
∑
k=2
(
λ2n+1+k e2n+1+k+λ3n+1+k e3n+1+k
)
+
n
∑
α=2
λ4n+1+α e4n+1+α + ∑
2≤k<l≤n+1
(
λk l ek l+λk¯ l¯ ek¯ l¯
)
is a unit normal vector, such that
‖(hν0AB)‖= S = max
µ∈T⊥P CF, |µ |=1
‖(hµAB)‖.
Let I be the set of indices of normal basis (3.4). According to behaviors of second fundamen-
tal form in normal directions, we split I into two parts:
A = {2n+2}
⋃
{4n+1+α | 2≤ α ≤ n} and B = I−A .
Then, by Proposition 3.2,
(⋆1) If τ ∈A , then (hτAB) is purely diagonal, and
(⋆2) If τ ∈B, then {hτAA} are all zero. Moreover, for different τ ,µ ∈B, hτAB ·hµAB = 0, ∀A,B.
By direct computations, we have
‖(h2n+2AB )‖2 = n(2n+3)2(n+1) + 2n+34(n+1) = (2n+1)(2n+3)4(n+1)
‖(h2n+1+kAB )‖2 = ‖(h3n+1+kAB )‖2 = (2n+1)(2n+3)4(n+1)(n+2) f or 2≤ k ≤ n+1
‖(h4n+1+αAB )‖2 = (2n+1)(2n+3)2(n+1)(n+2) f or 2≤ α ≤ n
‖(h(k,l)AB )‖2 = ‖(h(k,l)AB )‖2 = (2n+1)(2n+3)2(n+1)(n+2) f or 2≤ k < l ≤ n+1
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We shall show that ν0 =±e2n+2 and S 2 = (2n+1)(2n+3)4(n+1) . The procedure consists of two steps.
Step 1: To show λτ = 0 for τ ∈ B. Write ν0 = c · νA0 + s · νB0 where νA0 ,νB0 , if not zero,
are the normalized unit vectors of projections of ν0 in span{eτ | τ ∈A } and span{eτ | τ ∈B}
respectively, and where c,s stand for cos t and sin t for some real number t. (The case of either
projection of ν0 being zero is easy to handle.) Then
‖(hν0AB)‖2 = ‖(c ·hνA0AB + s ·hνB0AB )‖2 = c2 · ‖(hνA0AB )‖2+ s2 · ‖(hνB0AB )‖2
By (⋆2), it follows ‖(hνB0AB )‖2 ≤ (2n+1)(2n+3)2(n+1)(n+2) . Now, if ‖(hνA0AB )‖2 were bounded from the above
by the same number, then
‖(hν0AB)‖2 ≤ (2n+1)(2n+3)2(n+1)(n+2) < ‖(h2n+2AB )‖2
contradicting with our choice of ν0. Hence,
‖(hνB0AB )‖2 ≤ (2n+1)(2n+3)2(n+1)(n+2) < ‖(hν
A
0
AB
)‖2
and consequently
‖(hν0AB)‖2 ≤ ‖(hνA0AB )‖2 ⇒‖(hν0AB)‖2 = ‖(hνA0AB )‖2 ⇒ ν0 = νA0 , i.e. λτ = 0 f or τ ∈B.
Step 2: Further to prove λτ = 0 for τ ∈ A −{2n+ 2}. We shall deduce the statement by
induction. Write ν0 = c ·E5n+1+ s · e5n+1 where s = sin t = λ5n+1 for some |t| ≤ pi2 , and where
E5n+1 is the normalized unit vector of ν0−λ5n+1 · e5n+1 (nonzero, otherwise contradicting with
the choice of ν0). Note that the nonzero elements of
(
h5n+1AB
)
are
−h5n+1n n = h5n+1n+1 n+1 =−h5n+12n 2n = h5n+12n+1 2n+1 =−
2bncn,n
a2n+b
2
nd
2
n
,
and meanwhile, by (⋆1) and Proposition 3.2, that all nonzero elements of
(
h
E5n+1
AB
)
distribute in
its diagonal and
hE5n+1n n = h
E5n+1
n+1 n+1 = h
E5n+1
2n 2n = h
E5n+1
2n+1 2n+1.
These nice distributions support
(4.10) ‖(hν0AB)‖2 = ‖(c ·hE5n+1AB + s ·h5n+1AB )‖2 = c2 · ‖(hE5n+1AB )‖2+ s2 · ‖(h5n+1AB )‖2.
By the same argument in Step 1, it follows that s= λ5n+1 = 0.
Assume that λ5n+1 = λ5n = · · ·= λ4n+r+1 = 0 for some 3≤ r≤ n. We aim to have λ4n+r = 0.
Similarly, write ν0 = c ·E4n+r + s · e4n+r where s = sin t = λ4n+r for some |t| ≤ pi2 , and where
E4n+r = k1e2n+2+
r−2
∑
i=2
kie4n+i+1 is the normalized unit vector of ν0−λ4n+r ·e4n+r. Observe, from
Proposition 3.2, that
(4.11)
(
h2n+2A B
)
= diag
(
bn
an
,− (n+2)anbn
n(a2n+b
2
nd
2
n)
, · · · ,− (n+2)anbn
n(a2n+b
2
nd
2
n)
)
,
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and that, for 2≤ α ≤ n,
(
h4n+α+1A B
)
α-th

= diag
(
0, 0, · · · ,0, 2bncn,α
a2n+b
2
nd
2
n
,− 2bncn,α
(n+1−α)(a2n+b2nd2n)
, · · · ,− 2bncn,α
(n+1−α)(a2n+b2nd2n)
,
0, · · · ,0, 2bncn,α
a2n+b
2
nd
2
n
,− 2bncn,α
(n+1−α)(a2n+b2nd2n)
· · · ,− 2bncn,α
(n+1−α)(a2n+b2nd2n)
)
,
(4.12)
where the first row includes n+1 elements and the second n terms. It follows(
h
E4n+r
A B
)
(r-1)-th

= diag
(
k1
bn
an
, − k1(n+2)anbn
n(a2n+b
2
nd
2
n)
+
2k2bncn,2
a2n+b
2
nd
2
n
, · · · , [∗], ⊛, ⊛, · · · , ⊛,
− k1(n+2)anbn
n(a2n+b
2
nd
2
n)
+
2k2bncn,2
a2n+b
2
nd
2
n
, · · · , [∗], ⊛, ⊛, · · · , ⊛
)
,
(4.13)
where all ⊛s represent the same number. Hence,
(
h
ν0
A B
)
= diag
([
k1
bn
an
]
c,
· · · , [∗]c,⊛c+
[
2bncn,r−1
a2n+b
2
nd
2
n
]
s,⊛c−
[
2bncn,r−1
(n+2− r)(a2n+b2nd2n)
]
s, · · · ,⊛c−
[
2bncn,r−1
(n+2− r)(a2n+b2nd2n)
]
s,
· · · , [∗]c,⊛c+
[
2bncn,r−1
a2n+b
2
nd
2
n
]
s,⊛c−
[
2bncn,r−1
(n+2− r)(a2n+b2nd2n)
]
s, · · · ,⊛c−
[
2bncn,r−1
(n+2− r)(a2n+b2nd2n)
]
s
)
.
(4.14)
Consequently,
‖(hν0A B)‖2
= c2 · ‖(hE4n+rA B )‖2+ s2 · ‖(h4n+rA B )‖2+4cs ·
[(
2bncn,r−1
a2n+b
2
nd
2
n
)
⊛−(n+2− r) 2bncn,r−1
(n+2− r)(a2n+b2nd2n)
⊛
]
= c2 · ‖(hE4n+rA B )‖2+ s2 · ‖(h4n+rA B )‖2.
(4.15)
Similarly, repeating the argument in Step 1 confirms that λ4n+r = 0. Thus, by induction, ν0 has
to be ±e2n+2.
Now we figure out S 2 = (2n+1)(2n+3)
4(n+1) < n+ 1 =
1
2
dim(CF). It can be seen from Lawlor’s
table that, for 2 ≤ n ≤ 5, vanishing angle θ0 exists and is less than 45◦. For n > 5, namely
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m= dim(CF) = 2n+2> 12, by (4.3) and (4.4) we have
tan
(
V (m,
√
m
2
)
)
= tan
(
V (m,
m
12
√
72
m
)
)
<
12
m
tan
(
V (12,
√
72
m
)
)
< tan
(
V (12,
√
6)
)
< tan8.36◦ < 1.
(4.16)
Hence, θ0 exists and is less than
pi
4
as well. Combined with the result in [HL82] (about the
classical coassociative Lawson-Osserman cone in R7 when our n= 1), the proof completes. ✷
Remarks. (a) We would like to point out that the coassociative cone’s being area-minimizing
cannot be verified following Lawlor’s curvature criterion. Note that
(4.17) det
(
I− t (h4AB)
) ≥ inf
ν∈T⊥p Σ, |ν |=1
(
det
(
I− t (hνAB)
))≥ F
(√
15
8
, t,3
)
where F(·, ·, ·) is the control which Lawlor used for his table of vanishing angles for cones
of dimensions below 12. In this concrete case equalities are attained for all t but the case
(dim,S 2) = (4, 15
8
) supports no vanishing angle by careful numerical computation.
(b) Type II enjoys similar properties as Type I. From (3.6), we get
‖(h4n+4AB )‖2 = n(4n+5)2(n+1) + 3(4n+5)8(n+1) = (4n+3)(4n+5)8(n+1)
‖(h4n+1+2kAB )‖2 = ‖h4n+2+2kAB ‖2 = 3(4n+3)(4n+5)16(n+1)(n+2) f or 2≤ k ≤ n+1
‖(h6n+1+2kAB )‖2 = ‖h6n+2+2kAB ‖2 = (4n+3)(4n+5)4(n+1)(n+2) f or 2≤ k ≤ n+1
‖(h8n+3+αAB )‖2 = (4n+3)(4n+5)4(n+1)(n+2) f or 2≤ α ≤ n
‖(h(k,l)AB )‖2 = ‖(h(k,l)AB )‖2 = ‖(h[k,l]AB )‖2 = ‖(h[k,l]AB )‖2 = (4n+3)(4n+5)4(n+1)(n+2) f or 2≤ k < l ≤ n+1
The same idea shows that S 2 = (4n+3)(4n+5)
8(n+1) <
1
2
dimCF ′ and therefore that CF ′ are area-
minimizing for all n≥ 1.
(c) A similar calculation for Type III gives S 2 = 51
4
+ 119
32
< 17. By Lawlor’s table of vanish-
ing angles, (4.3) and (4.4), it follows that V (16,S )<V (16,
√
17)<V (12,
√
17)≈ 10.11◦ < pi
4
.
So, CF ′′ turns out to be area-minimizing as well.
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